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Abstract. The volume of scrap tyres, an undesired urban waste, is increasing rapidly in every country. Mixing
sand and rubber particles as a lightweight backﬁll is one of the possible alternatives to avoid stockpiling them
in the environment. This paper presents a minimal model aiming to capture the evolution of the void ratio of
sand-rubber mixtures undergoing an isotropic compression loading. It is based on the idea that, submitted to a
pressure, the rubber chips deform and partially ﬁll the porous space of the system, leading to a decrease of the
void ratio with increasing pressure. Our simple approach is capable of reproducing experimental data for two
types of sand (a rounded one and a sub-angular one) and up to mixtures composed of 50% of rubber.
1 Introduction
The number of scrap tyres is increasing rapidly in both de-
veloped and developing countries. Consequently, the ac-
cumulation of used tyres is becoming a real societal prob-
lem. In this context, the possibility of recycling and mix-
ing rubber chips derivativeswith granular soil particles can
be a solution for some geotechnical applications like back-
ﬁlling for retaining structures, slope and highway embank-
ment stabilization, road constructions, soil erosion preven-
tion and seismic isolation of foundations [1]. In addition
to their remarkable mechanical properties [2], such soil-
rubber chip composite mixtures have interesting acousti-
cal and drainage properties too [3].
While their potential range of applications is wide, a full
understanding of their behaviour, including internal inter-
action mechanisms resulting from the combination of two
particular materials, one soft, tyre chip rubber, and one
rigid, granular soil, deserves further studies despite recent
interesting works [5–7]. Here, we present a theoretical
model aiming to capture the evolution of the void ratio
of sand-rubber mixtures of various volume ratios of rub-
ber undergoing an isotropic compression loading. For the
sake of simplicity, we focus on mixtures composed of rub-
ber and sand particles of similar particle size distributions.
Our model is based on the idea that, submitted to a pres-
sure, the rubber chips deform and partially ﬁll the porous
space of the system leading to a void ratio which decreases
with increasing pressure. Assuming the sand particles as
inﬁnitely rigid and the rubber particles as incompressible,
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our approach –similar to mean-ﬁeld approaches– leads to
an expression of the void ratio of the mixture as a func-
tion of: (i) the fraction of rubber that deforms and ﬁlls the
porous space, (ii) the void ratio for the soil without rubber
chips and (iii) the volume ratio of rubber. Assuming (i)
varies exponentially with the applied pressure, we com-
pare the predictions of our model with experimental test
results and discuss its limits. Despite its simplicity, our ap-
proach successfully reproduces experimental data for two
types of sand (a rounded one and a sub-angular one) and
up to mixtures composed of 50% of rubber.
2 Model
To derive our model we consider granular packings made
of sand grains and rubber chips. For the sake of simplic-
ity, we focus here on packings for which all the particles
have the same size distribution independently of their type
(sand or rubber). We also consider an isotropic compres-
sion of the materials and the evolution with the pressure of
the void ratio i.e. the ratio between volume of the porous
space and volume of the solids. Intuitively, a simple lin-
ear combination of the respective void ratios according to
the proportion of rubber is not relevant. Indeed, such an
approach assumes the absence of correlation between the
two phases. This is clearly not the case here, due to the po-
tential important deformation of the rubber particles which
aﬀects the structure of the whole system. The volume ratio
of rubber, xR is deﬁned as the ratio VR/(VR+VS ) where VR
and VS are respectively the volume of rubber and that of
sand. Our model is based on the following assumptions:
1. sand grains are inﬁnitely rigid,
2. rubber chips are incompressible,
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Figure 1. Sketch explaining our fourth assumption (see text).
We assume that, due to the deformation of rubber particles, the
porous space of an initially undeformed packing (a) is partially
ﬁlled by the rubber (b).
3. the repartition of rubber chips is spatially homoge-
nous,
4. we neglect particle rearrangements, i.e. the parti-
cles’ neighborhood do not change. We just con-
sider that the rubber chips undergo deformation due
to pressure and ﬁll the porous space (see ﬁgure 1).
Such an assumption is fully consistent with the work
of Feng and Sutter [4], in which they treat the vol-
ume of rubber chips as voids to estimate the maxi-
mum shear modulus.
5. Finally, we restrict ourselves to pressures important
enough (p > p∗ = 100 kPa) to probe the proper-
ties of the granular material, not those of the grain
surface. To estimate this threshold, we considered
two D-diameter spherical sand grains interacting
through the Hertz law. The macroscopic pressure
necessary to achieve a deformation of the order of
magnitude of the surface’s asperities (δ ≈ 100 nm)
is p∗ = κ δ3/2/D3/2, where κ is a constant depending
on the Young modulus E and on the Poisson ratio ν
through κ = 4E/
[
3π
(
1 − ν2
)]
. Using E = 90 GPa,
ν = 0.4 leads to p∗ ≈ 100 kPa for D of a few tenths
of millimeter.
Note that, due to the two ﬁrst assumptions, the volume
ratio of rubber, xR, is constant whatever the loading con-
ditions. Let us now deﬁne a volumetric function f which
relates the total volume of rubber that ﬁlls the porous space
to the total volume of rubber. This fraction, called the de-
formed fraction of rubber, depends on xR and on the pres-
sure p. In the following we will derive an expression of
f relating this quantity to xR and p. For a given xR, the
evolution of deformed fraction of rubber, f , with the pres-
sure is intuitive : at the early stages of the compression
process the pores are large and easy to ﬁll. Consequently,
f increases with the pressure. As the pores get ﬁlled, it be-
comes more and more diﬃcult to ﬁll the remaining pores
and f reaches a constant value. The simplest way to model
such an increase towards a saturation value is to assume
that f obeys the following ﬁrst order diﬀerential equation
p0(xR) ∂ f
∂p
∣∣∣∣∣
xR
+ f (xR, p) = F(xR), (1)
where p0(xR) is a characteristic pressure and F(xR) the
maximum deformed fraction of rubber for an inﬁnite pres-
sure, i.e f (xR, p → ∞). Such kind of equation are clas-
sically used to model systems which involve a driving
force and viscous-like force. For example the fall of an
object in a viscous ﬂuid (the system is driven by gravity
and slowed down by viscosity) or the loading of a capac-
itor (the system is driven by an electromotive force and
slowed down by the Ohm law). Here, the system is driven
by the compression and slowed down by the ability of the
porous space to resist to the rubber ﬁlling (a permeability-
like quantity). The solution of the preceding equation is
f (xR, p) = f ∗ + (F(xR) − f ∗)
[
1 − exp
(
−
p − p∗
p0(xR)
)]
, (2)
where f ∗ = f (xR, p = p∗). Since we restrict ourselves
to pressures greater than p∗, it is more natural to use ˜f =
f − f ∗ and p˜ = p − p∗ instead of respectively f and p.
Then:
˜f (xR, p˜) = (F(xR) − f ∗)
[
1 − exp
(
−
p˜
p0(xR)
)]
. (3)
The parameters p0(xR) and F(xR) are unknown func-
tions of xR that can be determined from experiments.
Indeed, ∂ ˜f /∂ p˜ is an aﬃne function of the pressure
p˜ whose intercept and slope are respectively given by
ln
[(F(xR) − f ∗) /p0(xR)] and −1/p0. Although it is proba-
bly possible to measure f (xR, p) using X-ray tomography
at several stages of the compression process such an ex-
perimental campaign would be long and fastidious. Yet, it
is possible to test our model by studying the evolution of
the void ratio with pressure. As mentioned above, the void
ratio is classically deﬁned as e = VV/Vsol, where VV and
Vsol are respectively the volume of the porous space and
the volume of solids (i.e. the volume of the rubber chips
and of the sand grains). Contrary to the former volume,
the latter depends neither on the volume ratio of rubber,
nor on the pressure. The volume of the porous space de-
creases with increasing pressure due to the gradual ﬁlling
of the pores by the deformed rubber following the equation
VV(xR, p) = VV(xR = 0, p) − f (xR, p) xR Vsol. (4)
Equivalently, the void ratio is given by
e(xR, p) = e(xR = 0, p) − f (xR, p) xR. (5)
Therefore, our model predicts that the void ratio decreases
with the pressure according to the following equation:
e(xR, p) =e(xR = 0, p) − xR f ∗
− xR (F(xR) − f ∗)
[
1 − exp
(
−
p − p∗
p0(xR)
)]
. (6)
This prediction requires the knowledge of (i) the evolution
of the void ratio versus the pressure for a 100% sand sam-
ple (ii) the characteristic pressure, p0, and (iii) the maxi-
mal deformed fraction of rubber, F. Since these three pre-
requisites depend on the type of sand used, it is necessary
to test our model using at least two types of sand.
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3 Comparison with experiments
Two silica based uniform sand materials, Leighton Buz-
zard fraction A characterised as a coarse material (mean
grain diameter, D50 = 1.6mm) and Hostun RF charac-
terised as ﬁne material (D50 = 0.38mm), have been chosen
for this study. The former sand is natural, the latter is in-
dustrially produced by crushing. The rubber particles are
obtained from the shredding of used lorry tires and con-
sist of polymer, acetone, carbon black, ash and Sulphur.
Their Young modulus is approximately 3.5MPa. Follow-
ing a tedious process that involved washing, drying, sort-
ing and sieving, equivalent rubber granular materials have
been engineered to match the particle size distributions of
the two sands. The fabrication process of all samples of
cylindrical shape (70 mm diameter and 70 mm height) is
done using the moist tamping. The method implies the
succession of three stages: mixing, deposition and com-
paction. Sand and rubber particles are mixed by adding
10% water content and the mixture is placed into the tri-
axial cylindrical mould in three successive layers. Each
layer is compacted up to a pre-deﬁnite height using a cir-
cular tamper with a diameter being half of the sample di-
ameter. While this technique appears to be more eﬀective
in discouraging segregation of the composite constituents,
providing good control of sample density and homoge-
neous distribution of rubber, it also produces a soil-rubber
fabric which may correspond to that obtained in rolled-
compacted construction ﬁlls. Once the sample is fabri-
cated, a top cap together with a lateral latex membrane seal
the sample and a small vacuum of 20kPa is applied. This
vacuum is necessary for the protection of sample’s fab-
ric and stability during removal of the cylindrical mould.
At this stage, the mixtures have initial void ratios which
are reported in table 1 for various volume ratios of rub-
ber xR = 0.1, 0.2, 0.3, 0.5 and 1. The triaxial cell con-
Table 1. Initial void ratios of the samples
Leighton Buzzard Hostun
Sand-Rubber Mixtures Sand-Rubber Mixtures
xR void ratio xR void ratio
0. 0.630 0. 0.746
0.05 0.627 0.05 0.741
0.1 0.625 0.1 0.739
0.2 0.620 0.2 0.736
0.3 0.618 0.3 0.736
0.5 0.604 0.5 0.719
1. 0.602 1. 0.707
taining the cylindrical sample is then ﬁlled with water and
pressurized to a pressure of 30kPa while the vacuum is
released. All samples are saturated by applying CO2 for
around 45 minutes followed by ﬂushing de-aired water
to obtain Skempton coeﬃcient (B) higher than 95%. A
backpressure of 100kPa is normally used. Both the back
pressure and cell (total pressure) pressure are measured by
pressure transducers. The samples are then loaded isotrop-
ically up to the maximum pressure of 550kPa at which
point, an unloading stage is applied. During the isotropic
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Figure 2. The parameters F and p0 ((a): Hotsun sand (b) :
Leighton Buzzard sand) are obtained by ﬁtting experimental data
compression, the sample volumetric changes are measured
by a volume change measurement device accounting for
the amount of water that is expelled in the process.
We have reported in ﬁgure 2 the values of the parameters
p0 and F versus the volume ratio of rubber for mixture
made of rubber and Hotsun sand (a) and of rubber and
Leighton Buzzard sand (b). Both quantities are obtained
by ﬁtting ln ∂ ˜f /∂ p˜ by an aﬃne function (see section 2).
The characteristic pressure p0 depends on the type of sand.
Its evolution with xR is not clear since it is not monotonic.
On the contrary, F (the maximum fraction of deformed
rubber) increases with xR but seems to reach a plateau.
To compare directly the experimental results with the pre-
diction of our model we report in ﬁgure 3 (for rubber-
Hotsun sandmixtures) and in ﬁgure 4 (for rubber-Leighton
Buzzard mixtures) the experimental void ratios versus the
applied pressure as well as e˜, the void ratios determined by
our theoretical predictions i.e.
e˜(xR, p˜) = e(xR = 0, p˜) − f (xR, p˜) xR. (7)
A good agreement between our minimal model and ex-
perimental data is found for the two types of sand. This
demonstrates that the main idea of our model i.e. the pores
are partially ﬁlled by the deformed fraction of the rubber
particles is reasonable, while neglecting the particle rear-
rangement eﬀect. However, a full validation of our model
is still necessary. In particular it would be interesting to
calibrate p0 and F using other loading conditions.
4 Discussion
As mentioned above, our model is based on the idea that
due to compression the rubber particles deform and par-
tially ﬁll the porous space of the system. Although the
comparison made with experimental results seems to val-
idate this idea, the study of the deformation of the rub-
ber particles during the compression process (e.g. by X-
ray tomography or by numerical simulation coupling Dis-
crete Element Method to model sand and ﬁnite element
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Figure 3. Comparison between experimental void ratios and
those obtained by our model for several volume ratios of rubber
and the Hotsun sand. Triangles (resp. circles) correspond to the
sample with rubber (e(xR, p)) (resp. without rubber e(xR = 0, p)
and the solid line (resp. dotted line) to the prediction of our
model e˜(xR, p) (resp. e˜(xR = 0, p)).
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Figure 4. Comparison between experimental void ratios and
those obtained by our model for several volume ratios of rubber
and the Leighton Buzzard sand. Triangles (resp. circles) corre-
spond to the sample with rubber (e(xR, p)) (resp. without rubber
e(xR = 0, p) and the solid line (resp. dotted line) to the prediction
of our model e˜(xR, p) (resp. e˜(xR = 0, p)).
modelling of rubber) is necessary to fully validate our ap-
proach. In the absence of such a study we can discuss
the assumptions we used and their validity. Among them,
some are fully justiﬁed. For example the assumption that
sand is inﬁnitely rigid is justiﬁed by the value of the Young
modulus of the sand which is three order of magnitude
greater than that of rubber. Similarly, assuming the incom-
pressibility of rubber is justiﬁed by its Poisson coeﬃcient
whose value is close to 0.5. Other assumptions probably
deserve deeper justiﬁcations. Firstly, the range of pressure
studied. We indeed assume that our model is only valid
for pressures greater than a threshold p∗ below which the
deformation is too weak to neglect the importance of the
surface properties of the grains. Relaxing this assumption
would require to model the surface properties of both the
Hotsun sand and the Leighton Buzzard sand and include
them in the model, which is out of the scope of this pa-
per. Secondly, we have neglected particle rearrangements
(each particle keeps its neighbourhood). Although reason-
able in the case of packing submitted to compression this
is probably no more the case when the packings are sub-
mitted to shear. Thirdly, we have assumed that the rubber
grains are homogeneously distributed within the sample.
In other words, every rubber grain has, statistically, the
same neighbourhood. Clusters are allowed but their prob-
ability of existence have to be independent of their posi-
tion.
Finally, it is worth mentioning three main perspectives of
this work. First, what happens for volume ratios of rubber
greater than 0.5? Is our model still valid? Second, how can
we adapt our model for packings where sand and rubber
particles have diﬀerent size distributions? Third, as men-
tioned above, a direct measurement of the deformed frac-
tion of rubber f would be an ultimate test for our model.
5 Conclusions
We derived a model aiming to predict the behaviour of
mixtures of sand grains and rubber chips undergoing
isotropic compression. We restricted ourselves to mixtures
for which the size distributions of the sand and rubber par-
ticles are similar. Our model assumes that the deformed
fraction of rubber, which increases with the pressure, ﬁlls
the porous space and that its evolution with the pressure
obeys a ﬁrst order equationwhose parameters can be deter-
mined experimentally. The experimental results are cap-
tured in a satisfactory way. The next step of this study is
to adapt our model to the cases where the sand particles
and the rubber chips signiﬁcantly diﬀer in size.
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